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Abstract 

We argue that the low energy electron excitations of the curved graphene sheet S are 
solutions of the massless Dirac equation on a 2 + 1 dimensional ultra-static metric on M x S. 
An externally applied magnetic field on the graphene sheet induces a gauge potential on the 
world volume of the membrane which could be mimicked by considering a stationary optical 
^ I metric of the Zermelo form, which is conformal to the BTZ black hole when the sheet has 

_ a constant negative curvature. We show that there is fundamental geometric obstacle to 

■ obtain a model that extends all the way to the black hole horizon. 
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1 Introduction 



In a recent paper it has been suggested that a Beltrami surface of revolution with constant 
negative curvature (Beltrami Trumpet) made from graphene may exhibit some of the interesting 
effects which arise in quantum field theory in a curved spacetimes. 

The idea of 1 is that on a curved graphene sheet E there are low energy electronic excitations 
which satisfy the massless Dirac equation on a 2 + 1 dimensional ultra-static metric on M x S. 
In [I] it is assumed that the physical graphene metric is of ultra static form 

ds'^ = -dt'^ + h.jdx'dx^ , i^l,2 (1) 

and that S, hij may be isometrically embedded as a surface of revolution in Euclidean three 
space E-^ with coordinates {x{x^),y{x^), z{x^)). Since in the case of graphene, there is no obvious 
source of red shifting, the assumption made in [T] that gtt = — 1 appears to be physically well 
justified. The massless Dirac equation is invariant under conformal rescalings, that is, in D 
spacetime dimensions, if 

9^. = ^^9^. , * = (2) 

il 2 

we have 

7^V^*^^^Mv^vI/. (3) 

Moreover, any static metric is locally conformally ultra static, that is 

- V^dt^ + g.jdx'dx^ = V^I^-dt^ + h.jdx'dx^ } , (4) 

where hij = V~^gij is called [2i the optical metric of the static metric on the left hand side of 
(HI) , classically at least there might appear to be no obstacle to considering ultra-static metrics 
for graphene of the form ([1]). However it is possible to consider graphene, or indeed any other 
two-dimensional film, subject to an externally applied magnetic field. This would induce a gauge 
field Afj_ on the "world volume" of the membrane or 2-brane. From a gravitational point of 
view such a gauge connection, which would break time reversal invariance but not conformal 
invariance, could be mimicked by considering a stationary rather than a static metric. Locally 
any stationary metric may be brought by a conformal rescaling [3] to the Zermelo form 

ds^ ^~dt^ + hijidx' - WH){dx^ - W^dt) (5) 

where hij is called the Zermelo optical metric and the wind vector field. We shall show 
explicitly later, that, at least in the case of a axial symmetry, the effect of the wind is equivalent 
to an induced magnetic connection A^. Thus, as we shall show in detail later in the paper, 
we could in principle construct a graphene analogue of the conformal geometry of a rotating 
two-dimensional black hole such as that of BTZ [3]. Actually as we shall show later, there is a 
Fundamental geometric obstacle, already encountered in [T] to obtaining a model system which 
extends all the way to the horizon. 

locally static metric is one which is time independent, time reversal invariant. A globally static metric is 
one for which gtt is non-zero throughout the entire spacetime manifold. A globally static metric cannot therefore 
contain a Killing horizon (unless it is Killing horizon of some other Killing vector field). An ultra static metric 
is one for which the gravitational red shifting does not occur, i.e one for which gtt is independent of the spatial 
coordinates. As a consequence a massive particle may remain at rest in such a spacetime because it suffers no 
gravitational attraction. An ultra-static metric is thus necessarily globally static and cannot contain a Killing 
horizon. 
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2 Surfaces of revolution 



From now on we shall confine attention to axisymmetric metrics which may be isometrically 
embedded in Euclidean space E'^ as surfaces of revolution. We have 

h.jdx'dx^ = dp^ + C^ip)d(t)'^ , < </>< 27r , (6) 

so that 

C'{p)^x'+y' = r' (7) 

and 

The Gauss curvature is given by 

K--^. (9) 



2.1 The Beltrami Trumpet 

The example introduced in Ij is given by the Beltrami 's Trumpet 

C(p) = aexp(~-) , p>0, ^ K^-^. (10) 
a 

If 

w = acj) + ia exp{ — ) , (11) 

then 

MxW = ^^, (12) 

which would be the standard model of as the upper half complex plane, if '^w > but we 
must quotient by the Z action w ^ w + 2i:a and moreover take > a . As is well known, 
the Beltrami Trumpet is obtained by revolving a tractrix curve about the z-axis. As one may 
verify, the tractrix is the locus of one end of a light rope of length a to which is attached to a 
heavy weight as the other end is dragged along the negative z axis. Initially the rope occupies 
the interval 0<x<a, y = Oz = and there is a half cusp at (a, 0, 0). 

This failure to embed all of i/^/Z is not an artifact of our symmetry assumptions. A theorem 
of Hilbert implies that we cannot get a non-singular embedding of any complete metric of constant 
negative curvature into three dimensional Euclidean space. As we we see shortly this in turn 
implies that no non-singular embedding of the optical metric of a two-dimensional black hole can 
never reach the horizon. It must always terminate at a finite proper distance from it. 



2.2 Fullerenes 

At the microscopic level, this idea has already been applied to Fullerenes [5]. These are approx- 
imately spherical and so the appropriate spacetime is R x 5*^, the 2-1-1 dimensional version of 
Einstein's Static Universe. In fact like R x H^, M x S"^ is also conformally flat. However this 
plays no direct role in the analysis of the Fullerene spectrum , and there is no apparent evidence 
for any thermal effects. In fact the spin-connection on is interpreted as a magnetic monopole 
located at the centre of the Fullerene molecule. 
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It is also possible to insert insert conical defects on S'^ and retain both axisymmetry and 
embedability. If 



X = A; sin cos— (13) 
k 

y — A; sin 61 sin ^ (14) 
z = E{k,e), (15) 

with 

E{k,9)= / y/l - k^ cos2 9'd9' , (16) 
Je 

we get an isometric immersion of into which if fc 7^ 1 is branched over the north and south 
poles [7]. 

The induced metric is 

ds^ = d6|2 +sin2 6'd(/.2 (17) 

which is of constant Gauss curvature, but if one takes < 4> < 27rfe, there will be a conical 
singularity at the north and south poles. The resulting surface will thus have the shape of an 
American football. 

Actually this shape has been used as an internal space in six dimensional models. In that case 
the distributional sources at the north and south poles are interpreted as three branes. Perhaps 
an alternative interpretation is as the branched covering of a 5-brane wrapped on an . 

2.3 Near Horizon Geometry of a static BTZ Black Hole 

For vanishing angular momentum J the BTZ metric is 

dslrz ^ -ilj - M)df + —+f^4>\ O<0<2^. (18) 

' (,72- — JWj 

The associated optical metric is 

dsl = -dt^ + — + — , ^ ( M) . (19) 

We set 

r+^lVM, a ^21, {r ~ f+) = h+ exp{-2^) , (20) 

8 a 

and expand about the horizon to see that 

To lowest order the region r > |f+ of the optical metric of BTZ black hole maps onto the 
Beltrami Trumpet spacetime. 

3 Exact Non-rotating BTZ black hole 

We will embed into E'^ the BTZ optical geometry. Thus 

1 dr'^ 7*2 

-dsl = -dt' + l \^2_^2y2 + r^^'^'^' ' (2^) 
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= J , (22) 

and 

dz^ + dC' = ^l^^, ^ dz' = P ^' ,2 2^3 ■ (23) 

Thus 
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(24) 



Clearly the embedding must stop at the radius for which C = y 1 + ^ . This is outside the 
horizon for which C'^ oo. The radial optical distance p is given by 

dv 

dp = I- , (25) 

— 

Thus 

- = coth(^p) , C = cosh(^p) , (26) 
a I I 



and so the optical metric is 

^dsl = -dt^ + dp^ + cosh2(yp)d02 ^ (27) 

and the BTZ metric itself is 



2 

rf4TZ = sinh2(ap) {-dt^ + + cosh'(yP)rf</''} ■ (28) 

Note that the Gaussian curvature of the spatial part of the BTZ optical metric is of constant 
negative curvature. 

Assuming that such sheets can be made in the Laboratory such BTZ trumpets could also be 
made. 

Note also that the BTZ optical geometry is locally of the form M x and hence conformally 
Rat. 

3.1 Zermelo Interpretation of the BTZ black hole 

This follows [g. If 

A(r) = ^-M+^ (29) 
then the BTZ metric with non-vanishing angular momentum J takes the form 

d4TZ = A{-dt^ + ^ + ^(d<^ - J-dt)'} . (30) 

The metric in the braces is of Zermelo form ^ with 

dv^ 

hijdx^dx-' = + -^d(f) , (31) 

W^d. = ^d,. (32) 
In the near horizon limit described above hij is of Beltrami trumpet form. 



5 



4 Gauge Fields 

External magnetic fields applied to a graphenc surfce of revolution will induce a non trivial gauge 
U{1) field. Suppose that the gauge field is given by 



Af.dx'' = A{C)d(l) , ^ F = —CdC Ad(f)= —dx Ady. (33) 



A' A' 
—CdC Ad(f>=- 

In the embedding space this will correspond to a magnetic field 



B. = ^ (34) 

Thus an applied uniform field of strength Bq has A = BqC. On the surface however since 

A'(C)dC ^ A'(C)dC , , 

P=^^dP^Cd^=^^V, (35) 

where rj = dp A Cdcf) is the area 2-form on the surface, the normal field strength B„ is 

^"--^rf^- ^^^^ 
Thus a constant field Bq will produce a normal field 

Sn = 5o^^ =-Boytanh(yp) (37) 

In order to produce a uniform field on the surface we need to set 

A'{C) dC 



C dp 

Thus 



= Be = constant . (38) 



That is 

B. = bA-^ = . . (40) 

dp asmh(jp) 

Note that the angle ij) that the meridians make with the vertical direction is given by 

smV = — , (41) 

and so these formulae are geometrically rather obvious, in particular we have 

B„ = S^sinV (42) 

5 The Dirac equation 

5.1 The static case 

We have 

(yVi+7°5t)* = 0, (43) 
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where are dyad indices and de* = —i-^^j A 

1 
4 

For a surface of revolution 



V* = dV' + 7'^y7*7^* • (44) 



e^=dp, e^ = C{p)d4>, (45) 



„2 _ "-^ „1 . „2 ^ , . _ ^ „2 



de^ = — e^Ae^ ^ W21 = -^e^ (46) 



V = d + 7V^e2, (47) 
+ + 7'7'7'^ + I'dt)-^ = . (48) 

7i-^ap(Vcvi/) + 72la^vi/ + /a,vi, = o, (49) 



Thus 



and 



That is 



If we set 

VC* = * , 7* = 7°7* (50) 

we obtain ( we use — h + signature) 

7^9^* + 72^30^- = 0. (51) 
Now both 7^ and ^^^^^"^ commute with (ISlT) and themselves, and have eigenvalues ±. 

5.2 The Stationary Case 

We consider the metric: 

-dt^ + + C'^{p)(d<i)~W{p)dtf , (52) 
and define a pseudo-orthonormal basis of one-forms by 

e° = di, e^=dp, ^ C [dcj) - W dt) , (53) 

and a dual basis of vector fields by 

eQ^dt + Wd^ , ei = dp, 62 = . (54) 

Note that ea4> = <^aW^(p) and so the drcibein Ca is differentially rotating. Using the formulae 

de" = -uj" 6 A e'' , Uab = -nac^" b = -OJba , (55) 
with a = 0, 1, 2 and rjab — diag(— 1, 1, 1) wc find 

woi =-^CW'e\ iJ02 = -\cW'e\ uj^i = -^CW e'' + (56) 

The massless Dirac equation may be written as 

(7"ea + j7"a;a6c7V)* = 0, (57) 



where uJabc are what are sometimes caUed Ricci rotation coefficients 

Wfec = e^uJabc ■ (58) 

Thus 

{l\d, + —)+ I'^d^ + l\dt + Wd^) + \^Wl^CW')^ = . (59) 

If we chose 

7° = *o-2 , 7"^ = 7 7^ = ■ (60) 

then 'y'^'yi^^ — 1 and we get a position dependent " mass-Hkc " term and a connection term. If 
* oc 6-*"*+"""^ we have that 

— ieAo = imW , cAq = —mW , (61) 

and the effective electric field in what is actuahy a rotating frame is 

eF ^ edA ^ W'dp A dt ^ W'e^ A e° . (62) 

6 Conclusion 

We argue that the curved graphene sheet with negative constant curvature in the externally 
applied magnetic field could be modeled by considering a stationary optical metric of the Zermelo 
form which is conformal to the BTZ black hole. In particular, the magnetic field corresponds to 
the wind of the optical Zermelo metric. Furthermore, we establish that there is a fundamental 
geometric obstruction to obtain a model that extends all the way to the BTZ black hole horizon. 
We model the low energy electron excitations of such graphene sheets by studying solutions of 
the 2 + 1-dimensional massless Dirac equation in the stationary optical metric, conformal to the 
BTZ black hole. 

Related analyses can be applied to any other system described with a two-dimensional curved 
surface S. We should also point out that there are other possible embeddings of a surface with 
constant negative curvature which are not a surface of revolution but a twisted Beltrami trumpet. 
It embeds more of than the Beltrami trumpet. It would be interesting to further study 
implications of such more general embeddings. 
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